A calibrated model of enhanced strain-gradient crystal plasticity is proposed, which is shown to characterize adequately deformation behaviour of b.c.c. single crystals of a β-Ti alloy . In this model, in addition to strain gradients evolving in the course of deformation, incipient strain gradients, related to a component's surface-tovolume ratio, is accounted for. Predictive capabilities of the model in characterizing a size effect in an initial yield and a work-hardening rate in small-scale components is demonstrated. The characteristic length-scale, i.e. the component's dimensions below which the size effect is observed, was found to depend on densities of polar and statistical dislocations and interaction between them.
Introduction and motivation
There is a vast body of experimental evidence that demonstrate that the deformation mechanisms at the micron or sub-micron scales are dramatically different than that of macro-scale [1] [2] [3] [4] [5] . In several of these pioneering studies, the size-effect of the mechanical properties has been attributed to non-uniform straining during the deformation process [1] [2] [3] [4] [5] [6] . Thus, size effect was not expected under imposed homogeneous strain field, such as in micropillar compression tests. However, it has been reported consistently by several studies that a strong inverse relationship existed between yield stress and a diameter of the pillar [4, 5, 7, 8] .
To interpret the size effect in micron or sub-micron pillars, different mechanisms including dislocation starvation-dislocation nucleation [9] , multiplication via a singlearm source operation [10, 11] , source truncation [10] and source exhaustion [12] as well as weakest-link theories [13] were proposed. The study of Norfleet et al. [12] demonstrated that the combination of other models such as lattice friction, sourcetruncation hardening and forest hardening was inadequate to explain large flow strengths in experiments, suggesting that other mechanisms might also affect the size effect. The presence of defects induced by focused ion beam (FIB) has led several researchers to infer that the fabrication process may play a significant role in the observed size effects [14, 15] . However, the study of Jennings et al. [16] demonstrated that the observed size effects in small-size pillars were a function of microstructure rather than the fabrication technique.
The influence of microstructure on the size-effect was also studied. The experimental study of Maass and co-workers [17] [18] [19] demonstrated that a significant amount of geometrically necessary dislocations (GNDs) were generated in compression giving a rise to strain gradients. Numerical studies in [20] [21] [22] [23] showed that macroscopically homogenous deformation was microscopically heterogeneous, i.e. the GND density vanished macroscopically but not locally. Maass et al. [24] studied the initial microstructure of undeformed Au, Ni, Cu and NiTi micropillars using white-beam Laue micro-diffraction. The study revealed that strain gradients existed even in the initial microstructure of pillars, and the results suggested that a higher surface-to-volume ratio in small-size pillars raised the occurrence of pre-existing strain gradients. Recently, Fan et al. [25] and Hurtado and Ortiz [26] demonstrated the influence of free surfaces on the size effect using discrete-dislocation dynamics and a non-local continuum model, respectively. From a modelling standpoint, continuum modelling approaches based on the elastic theory of continuously distributed dislocations (ECDD) [27, 28] has shown much promise in predicting several key mechanisms of small scale plasticity [29, 30] .
Here, an important note should be made with regard to terminology used in the text. A concept of polar dislocations (PDs) is introduced as a spatially averaged dislocation density that can be measured or characterised. This can be considered as a numerical dislocation density homogenised over a spatially finite (and small) volume along the lines of a volume-averaged Nye's tensor [31] . Naturally, spatial averaging cancels an effect of dislocations of opposite signs within the chosen volume. Such dislocations of opposing signs are referred to as statistically distributed dislocations (SDs) with a respective density. Thus, the difference between a true microscopic dislocation density (in the local sense) and the spatially averaged density of PDs is equal to the density of SDs. Thus, in essence, if the spatial window is small enough to resolve individual dislocations (the scale of discrete-dislocation mechanics), then all dislocations are referred to as PDs. We note that PDs can include aspects of GNDs linked with lattice incompatibility, but not exclusively. In our study, PDs are associated with the generation of long-range internal stresses [32] . Consequently, SDs are assumed to be arranged so as to render a net zero macroscopic stress field but with inter-dislocation interactions resulting in hardening. In conventional plasticity theories, only SDs are https://doi.org/10.1088/1361-651X/aa5ce3
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An enhanced model of strain-gradient crystal-plasticity (EMSGCP) is proposed, in which the initial microstructure of micro-pillars determines the value of critical resolved shear stress (CRSS) of slip systems as described in terms of PDs and SDs. The incipient strain gradients are correlated with the sample's surface-to-volume (S/V) ratio. The model is calibrated to capture the deformation charecteristics of B.C.C. single crystals of a β-Ti alloy, namely, Ti-15-3-3-3.
This paper is organized as follows. In Section 2 details of micro-pillar-compression experiments are presented. Section 3 introduces the theory of the enhanced modelling of strain-gradient crystal plasticity and Section 4 describes the steps followed to develop the FE model of the micro-pillar-compression test. In Section 5 we demonstrate the calibration of EMSGCP parameters followed by the numerical predictions for the size effect in micro-pillar-compression experiments with their associated discussions in Section 6. A parametric study on the underlying length-scale of the proposed model is presented in Section 7. The paper ends with some concluding remarks in Section 8.
Micro-pillar-compression experiments
Micro-pillar compression experiments were performed at Swiss Federal Laboratories for Materials Science and Technology (EMPA). Cylindrical micro-pillars with a diameter of ∼1 μm and ones with square cross sections with an edge length of 0.9 μm to 2 μm were fabricated in single grains of a polycrystalline sample by using a dual beam FIB / SEM Tescan FIB Lyra instrument. The exact orientation of the grains along the compression axis of the micro-pillars were (0.538 0.532 0.652) for the cylindrical pillar and (0.489 0.443 0.751) for the others. To find a compromise between a fabrication time and accuracy of the process, pillars were produced using different energies in consecutive fabrication steps. First a current of ~ 4 nA was used, followed by 0.15 nA and 0.79 nA to obtain the final shape for micro-pillars with an edge length of 1 µm and 2 µm respectively. The voltage was kept constant at 30 kV throughout.
All the compression tests were carried out inside a Zeiss DSM 962 scanning electron microscope (SEM), using a micro-indenter designed at EMPA in cooperation with the Institute of Materials Science, Swiss Federal Institute of Technology Lausanne [35, 36] , which allows a precise pillar-punch positioning and in situ characterization of deformation events. A flat punch tip was used to compress the pillars to achieve a homogenous uniaxial state of stress (this assumption is violated due to a taper in the pillars and misalignment between the punch and pillar as described in Section 5). All the pillars were compressed in a displacement-control mode at a strain-rate of ~ 10 -4 s -1 .
A Hitachi S4800 high-resolution SEM system was used for imaging the pillars before and after compression.
Active slip system was identified by comparing SEM pictures of the compressed pillar and pole-figures of the EBSD scan (Fig. 1) . The slip direction was assigned by the projected direction of the motion of the top part of the pillar as indicated by the red arrow in Fig. 1a Size-effect studies were conducted on nominally square pillars with varying crosssectional area ( Table 1 ). The effect of the surface-to-volume (S/V) ratio on average yield strength for all samples tested is summarized in the logarithmic plot shown in Fig. 2 .
Here, average yield stress ( ) and strain (  ) are defined as |∑RF 2 |/A p and -ln(L p /L 0 ), respectively, where |∑RF 2 | represents the reaction force in the y-direction corresponding to the applied displacement, A p is the mid-height instantenous cross-sectional area of the pillar, and L p and L 0 are the current and initial heights of the pillar, respectively. Here, we note that the definitions of average stress and strain are somewhat different from those of true stress and strain. This is due to underlying inhomogeneity of the imposed stress field emanating from misalignment between the indenter tip and the pillar surface, geometrical parameters of the pillar, i.e. the pillar's taper and boundary conditions imposed on the bottom surface of the pillar to account for the influence of the substrate.
It should be emphasized that only the pillar upper and side surfaces were considered in calculating the overall surface area to determine the S/V ratio since the bottom surface was attached to a substrate, i.e. not a free surface. Yield stress was observed to increase with the increasing S/V ratio and with the decreasing edge length, with a best fit line of -0.69) [38] , but it is stronger than that for gold micropillars,
-0.60 [39] . 
Enhanced model of strain-gradient crystal-plasticity theory
The following notations are used: a gradient operator is indicated by ∇ and incremental changes in variables due to temporal evolution of these by a Δ symbol. A bold symbol denotes a vector or a tensor and a dot superposed on a symbol indicates a time derivative. The operation × is a vector product. The summation convention is implied throughout. Subscripts P and S indicate PDs and SDs, respectively.
The proposed theory is an enhanced version of a strain-gradient crystal-plasticity theory (SGCP), and we review some of the fundamentals which motivate our approach. It should be emphasized that the SGCP theory considered here is the lower-order mechanism-based strain-gradient crystal-plasticity theory (MBSGCP), originally proposed by Han et al. [40] .
For completeness, constitutive relations of the MBSGCP theory are summarized below.
In this elasto-visco-plastic crystal plasticity-based constitutive law, the stress rate ij  is related to the elastic strain rate
where C is the fourth-order elasticity tensor, ij  is the total strain rate and p kl  is the plastic strain rate, calculated by
In Eq. 
 is the reference strain rate, n is the rate sensitivity of the material, sgn(■) is the signum function of ■ and  T g is the strength of the slip system α at the current time.
In gradient plasticity,  T g is linked to strain gradients and expressed as
In the MBSGCP theory, 
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The performed micro-pillar compression experiments demonstrate that the yield strength of a pillar is inversely proportional to its edge length (or S/V ratio). In the MBSGCP theory, CRSS is solely dependent on the SDs, i.e.
, and it is a well known fact that the density of SDs is independent of the component's size; thus, it is unlikely to explain the size effect using this theory. In this paper an enhanced model of the MBSGCP theory is proposed, where the contribution of PDs is considered alongside that of SDs while determining the CRSS value of slip system based on experimental results. For instance, Maass et al. [24] investigated the initial microstructure of undeformed Au, Ni, Cu and NiTi micropillars using a white-beam Laue micro-diffraction technique and observed that GNDs/PDs existed in the initial microstructure of pillars.
An important question arised regarding the way to address the interaction of SDs and PDs in determination of the CRSS value. Columbus and Grujicic [43] proposed a functional form to describe the overall shear flow stress ( f  ) as a coupling between SDs and GNDs,
, where S  and G  correspond to shear flow stresses linked to SDs and GNDs, respectively, and β denotes the coefficient of coupling. In this study, we use a similar functional form to characterize the interaction between SDs and PDs in the calculation of CRSS as, respectively. These two terms are described in terms of the density of dislocations using an equation, similar to the Taylor's hardening law [44] , as in the following:
where K is a constant, Different β values were discussed in the literature [45] . For instance, β=1 corresponds to superposition of strengths due to SDs and PDs, i.e.
. Such a coupling was studied by Columbus and Grujicic [43] . On the other hand, β=2 corresponds to superposition of the density terms:
. This approach was studied by several authors [3, 46, 47] . Here, β=2 was considered, thus strength of the slip system α at the current time is expressed as
Note that the EMSGCP theory is reduced to MBSGCP when 
Finite-element modelling of micro-pillar-compression experiments
A three-dimensional FE model of micropillar-compression experiment was developed to investigate the size effect in a single-crystal Ti-based alloy. Based on the experiments performed, a model accounting for the exact pillar's dimensions including the pillar's taper of 2.5° was developed. A schematic of the pillar geometry, finite-element discretization (of type C3D8 [52] ) and the imposed boundary conditions are shown in Fig. 3 . The dimensions of micro-pillars are given in Table 1 . The aspect ratio (i.e. a ratio of height to the edge length) was kept between 2 and 2.4. The indenter was assumed to be a rigid body since the elastic modulus and yield strength of the diamond indenter is at least an order of magnitude higher than those for the Ti alloy under investigation. A relative movement of the indenter was imposed in the negative y-direction (Fig. 3) .
Kinematic boundary conditions were imposed on the bottom face of the pillars by constraining displacements in all directions since the micro-pillars was tightly bonded to the underlying substrate. The validity of such a simplification was checked by comparing numerical results obtained from a pillar with a finite-size substrate (made of the same material). The results indicate minor variation in the stress distribution, confirming the overall accuracy of assuming a rigid substrate to reduce computational cost [53] . As the experimental study suggested, the (121)[1 1 1] was the dominant slip system in deformation [54] ; only the set {112} <111>, where N = 12, was enabled amongst the potential three systems in B.C.C. materials. Table 1 Elastic properties of the single-crystal Ti alloy were presented in Voigt notation, 11 c , 12 c , 44 c . Determination of elastic parameters is a non-trivial process. Two sets of parameter values were obtained for two different temperature regimes ( Table 2 ). The first set of elastic parameters was obtained from ab-initio simulations performed at 0 K for b.c.c.
Ti alloys [55] . The second set was obtained from experimental results for the b.c.c.
single-crystal titanium performed at high temperature (1273 K) using resonantultrasound spectroscopy experiment [56] . The shear modulus S  was calculated using the relation, 2 / ). can severely affect the perceived value of elastic material properties [59] . Thus, the validity of linear interpolation in obtaining elastic parameter at room temperature was tested through numerical studies of nano-indentation experiments reported elsewhere [60] . Studies of nano-indentation demonstrated an excellent match between experiments and simulations for loading and unloading curves (F-d curves) [60, 61] . Table 2 A mesh-sensitivity analysis was performed for pillar A using the EMSGCP theory.
Average element size of 210 nm × 210 nm × 210 nm was sufficient in obtaining convergence in the macroscopic load-displacement response. However, the distribution of PDs was found to be mesh-size dependent. Similar observation was also reported by Cheong et al. [49] and Roy and Acharya [62] . The mesh element sizes were kept constant for all numerical experiments carried out in this study.
Coulomb's friction law was used to model the frictional interaction between the indenter tip and the pillar in the experiments. It is well known that the contact characteristics can significantly affect the deformation behaviour of components. In our study we consider three idealized friction conditions, with μ = 0 representing a well lubricated indenter-workpiece interface followed by two dry (non-lubricated interface)
contact conditions (μ = 0.05 and 0.1). The value μ = 0.05 was selected since a range of 0.03 ≤ μ ≤ 0.06 are often used to represent contact conditions at diamond-metal interface in the literature [59, 63] . Additionally, μ = 0.1 was considered to represent a dry contact condition. The pillar's lateral displacements at 10% nominal strain were compared for different contact conditions. It was observed in numerical simulations that pillars with μ = 0 and μ = 0.05 buckled in compression, whereas the pillar with μ = 0.1 deformed with no visible slippage as observed in Raabe et al. [64] . In-situ videos recorded during the compression experiments indicate that lateral slip of the pillar occured during the deformation process (Fig. 1) . Thus, we choose μ = 0.05 for the contact condition in simulations as μ = 0 is physically unrealistic [59] .
Calibration of parameters of EMSGCP model
In the proposed EMSGCP model, the incipient strain gradients contribute to the overall CRSS in the component, i.e. h were also identified using nano-indentation experiments (Table 3) .
Next, micro-pillar compression experiments were used to callibrate show a significant deviation from the experiments (Fig. 4a) . This was believed to be due https://doi.org/10.1088/1361-651X/aa5ce3
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(tilt about the z-axis) in the numerical experiments, an excellent match is obtained for the pillars studied (Fig. 4b-d) . Table 3 Fig. 4 the indenter's tip, and at some instance, a part of the pillar begins to shear off at a certain plane (Fig. 1d) . This leads to a loss of reaction force imposed on the indenter as well as change in the geometric cross-sectional area. Consequently, in the simulations, there is no mechanism to capture material tearing, which leads to the deviation. In summary, we observe that presence of misalignment, however small, in pillar compression tests has a significant effect on the perceived deformation response. Here, the misalingnment is modelled as a calibration constant using the technique demonstrated.
Numerical predictions of size effect in pillars and discussions
In this section, size effect in single-crystal Ti alloy is studied in idealised geometric configurations, i.e. neglecting pillar taper and misalignment. Pillars with a square crosssection with an edge length of 1, 2, 4, 8, 16 and 32 μm were modelled. The height-toedge length aspect ratio was fixed at 2.1:1 in all the models. Consistent with the meshsensitivity analysis performed in Section 4, the mesh size of 210 nm × 210 nm × 210 nm was used to discretize the pillars. The crystal orients with the micro-pillar axis coinciding with the (010) direction.
Table 4
The numerically obtained stress-strain curves for Ti micropillars D, E, F, G and H are compared in Fig. 6a . Consistent with the CRSS values in Table 4 , the yield strength of the micropillars is observed to increase with a decreasing pillar size, providing evidence of a strong size effect. It may be noted that the phenomenon is more pronounced for pillars of smaller sizes compared to those of larger ones. This [60] , where the influence of incipient strain gradients was negligibly small. Our results demonstrate that below an edge length of 8 μm the "smaller is stronger" phenomena is observed. This edge length is therefore considered as the critical edge length, l c , above which the relative change in the corresponding stress value is less than 5%.
In cylindrical pillars, the value of critical resolved shear stress can be scaled with respect to the diameter d of the micro-pillar using the following power-law form
where S  is the shear modulus and A and M are constants. Dou and Derby [39] obtained these constants, A=0.71 and M=-0.66, by using a least-squares fit to the experimental data for f.c.c. metal pillars. Here we consider d=d eff . The corresponding curve for Ti alloy is shown in Fig. 6b . From the logarithmic plot, the constants were -0.675 . These results demonstrate that with a decreasing pillar size, higher strain gradients evolve during deformation.
Fig. 6
The distributions of evolving strain gradients for different pillar sizes were also investigated. Instantaneous plastic strain in the loading directions ( In micro-pillar-compression experiments, although the deformation is applied uniaxially, heterogeneity evolves in the course of loading due to imposed boundary conditions. To demonstrate this, the bottom surface of Pillar D was constrained in the loading direction (i.e. 0 2  u ). Rigid body modes were eliminated by constraining the centre node of the pillar's bottom surface in all directions. This resulted in homogenous, uniform distributions of uniaxial strain and stress in the body, which, in turn, generates no gradients of plastic strain (Fig. 8a) . The respective distribution for the model with the bottom surface fixed in all directions (shown in Fig. 8b ) demonstrate that the heterogeneous deformation develops in the component as a result of the imposed boundary conditions leads to evolution of strain gradients. ) (see Eq. (7)), different cases were considered for varying relative magnitudes of S  and P  . In addition to already determined values of densities presented in Table 3 , two cases with different density levels were also analysed for independent variations of these two parameters. In the first case 
Concluding remarks
In this paper, we propose an enhanced model of strain-gradient crystal plasticity, with The proposed model may be employed to study a variety of boundary-value problems in the small scale. For example, deformation in thin films can be attempted. In this case, the S/V ratio is inversely proportional to the film thickness. This implies that with decreasing film thickness we expect to see a harder response (which is experimentally observed).
Through this paper, we demonstrate a practical way of justifying the observation from experiments in the small length-scales. Though the proposed continuum model is phenomenological, we make a conscious effort to demonstrate the physical justification of our model by taking inspiration from experimental studies.
